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5.5 Calculation of the grand canonical ensemble

Maximize

S'=—k> piln(p:)

with the restrictions

0=> pi—1,and 0= pUi—U,and 0= pN,—N

Introducing the Lagrange parameters «, 5, and 7 the variation of the function

() o) o)

without restrictions leads to
—In(p;))—1—a—pU; —yN,; =0
Defining
1
Z = exp(—1 — )
we find

1
pi= exp(—BU; — vN;)

Taking into account the first restriction one gets

Z(B,V,7) =Y exp(—BU; — 7N;)

Finally we get
S =kIn(Z)+ BkU + vkN

Just by comparison we see
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and
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Thus the total derivative is:

k op 0y

+ UdB + BdU + Ndvy + vdN

~ [(0In(Z)
( 5y )dV+BdU+'de
So

S =S(V,N,U)

and S is the Legendre transformed of k1n(Z).
From classical thermodynamics it is well known that

. S 1
dU =TdS — pdV + udN | i.e. <3U) =7 > and

So by comparison with Eq. (5.50) we see
U

yand v =——

= kT

€
kT
Multiplying Eq. (5.47) with T we find

Q=U—-uN-TS
and
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> = N(8,V,7)
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