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2.5 Calculation of the grand canonical ensemble
Maximize
S'=—kY_ piln(p:) (2.25)
with the restrictions
O:ZpiUi—U , and 0:Zpi—1 , and O:ZpiNi—N (2.26)
Introducing the Lagrange parameters «, 5, and 7 the variation of the function
) [5’ — ka (Zpi - 1) — kB (ZpiUi - U) — ky (ZpiNi - Nﬂ =0 (2.27)
without restrictions leads to
—In(p;)) —1—a—BU; —yN; =0 (2.28)
Defining again
% =exp(—1— ) (2.29)
we find 1
pi = exp(=BUs —yNi) and  Z(8,V,7) =} _exp(=BU; — YN;) (2:30)
We get
> exp(—=BU; — yN;)U; dln(Z)
U zi:szz Ziexp(_BUi _'YNZ‘) a8 U(B,V,’Y) ( 3 )
wnd S, exp(—BU; —AN)N;  (9In(2)
i CXP(—PUi — IV ) IV n
zi: 22 exp(=pUi —vNi) Iy (7:1:9) (232
i.e.
S =kln(Z)+ pkU + vkN (2.33)
The total derivative is:
ds In(Z In(Z In(Z
a5 _ (0@ yp (OWDN \ (IBE)N v L as 4 BaU + Ny + van
k ap oy ov (2.34)
0ln(Z) '
= d d dN
( FYa ) V 4+ BdU + v
So
S=S(V,N,U) (2.35)
and S is the Legendre transformed of kIn(Z).
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So )
_ L "
8= T and ~ T (2.37)
Following again the procedure for the calculation of the free energy we find
Q=U-uN-TS (2.38)
and
QT,V,p) = =kTIn(Z(T,V, p)) (2.39)



