
108 Calculus II: Functions of multiple variables

4.5.1 Examples: For Jacobi matrix and Jacobi determinant

(i)

f⃗(x1, x2) =

(
x1 + x2

2

x2
1

)
→ Ã(x1, x2) =

(
1 2x2a

2x1 0

)
as before!

(ii)

f⃗(r, ϑ, φ) =

 r sinϑ cosφ
r sinϑ sinφ

r cosϑ

 =

 f1(r, ϑ, φ)
f2(r, ϑ, φ)
f3(r, ϑ, φ)

 =

 x
y
z

 =̂ spherical coordinates!

Ã =

 sinϑ cosφ r cosϑ cosφ −r sinϑ sinφ
sinϑ sinφ r cosϑ sinφ r sinϑ cosφ

cosϑ −r sinϑ 0


det Ã = r2 sinϑ (volume!)

(iii)

f⃗(r, φ, z) =

 r cosφ
r sinφ

z

 =̂ cylindrical coordinates

Ã =

 cosφ −r sinφ 0
sinφ r cosφ 0
0 0 1


det Ã = r (volume!)

(iv)

f : R2 → R f(x1, x2) = x2
1 + x3

2

A⃗ = ∇⃗f =

(
2x1

3x2
2

)
∇⃗f : R2 → R2

second derivative is now a matrix:

D̃2f =

(
2 0
0 6x2

)
←M = 1, Hesse(∇⃗f)⊤

(v)

f : RN → R
f(x⃗) = |x⃗|2 = x2

1 + x2
2 + . . .+ x2

N

A⃗ = ∇⃗f =


2x1

2x2

...
2xN

 = 2

 x1

...
xN

 = 2x⃗

second derivative:

D̃2f =



2 0 0 · · · 0
0 2 0 · · · 0

0 0
. . .

...
...

. . .
...

0 0 0 · · · 2

 = 2Ĩ

(vi) physics example: g-measurement with pendulum

period T = 2π

√
l

g
→ g =

4π2l

T 2
= g(l, T )
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Measurement: l±∆l, T ±∆T ; ∆l,∆T errors of measurement.
(l = 1m, ∆l = 0.001, T = 2s, ∆T =0.1s)
What is the error ∆g of g?
Total differential:

∆g = |∂g
∂l
|∆l + | ∂g

∂T
|∆T

=

∣∣∣∣4π2

T 2

∣∣∣∣∆l +

∣∣∣∣4π2l

T 3
(−2)

∣∣∣∣∆T

= 0.01
m

s2
+ 1

m

s2
= 1.01

m

s2

{l


