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2.4 Other complex functions

Logarithm:
real values: f(x) =e*
0 *] e
f(x)=x
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w=e"—=zx = lnw = f~!(x) =Inz is the inverse function with respect to e®

In1=0 Ine=1 In0 = —o0
now complex:
w=e" = (ea . eib) + 27 periodic in b
& z=logw=In|w|+ip+2rki, k€Z

test:
7 = eln|w\+up+27rkz — eln|w\ . ez(ap+27rk) — "UJ|6“’0 —w = o.k.

Definition 9 4
f(z) =log(z) =In|z| +ip +27ki, k € Z z = |z|e"?

1s the complex logarithm of z. For k = 0 we get the main value.

Example:
In(-1) = Inl—+i ¢ +27ki=rir+ 2rki=1im(2k+ 1)
0 ™

— logarithm of negative numbers now defined
In 0 still —oco

Exponential function with arbitrary base:

real numbers: ab = eblne a>0

generalization for complex numbers:  bloga be C,ac C\{0} = ab = ePloga = eblnlal+igat2mik)

Definition 10 0° =1

special function:

f(z) = a*, a>0 (a=e-function)
f(Z) _ ezloga — elna Re(z)ei Ina Im(z) o.k
important (for root finding):
f(z) = 2% beR z = |z]e"?
N f(Z) _ eblogz — eb(1n|z|+igo+27rik:)
eb(ln \z\+itp)e27rikb; keZ
different cases: be Z — 2™ =1 — o.k. "normal” power of z
b irrational — 2™ infinite number of values
b rational — e?™* = finite number of values
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Example:
1 & Im{z}15 7
b = —: eQmTklkzo,...,n—l
n
1 1 K
= zn = |z|welne?™n k=0,...,n—1

.1’5_
in particular:
Im{z} A
1 ™
n=2:Viti = V22iie?mn g =0,1 ]
Lo FR
for k=0 : V275 =v2%¢"F 1.0
for k=1 \@%ei%e” = \/ﬁéem(H%) = \/iée%”
1 Zi
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T\ T+
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= Roots are difficult functions, in particular not single values.
The most simple case we know already from square roots of pure positive real numbers a. The solution is

+Va=e%Va

which for k € Z has the two independent solutions for £k =0 and k = 1.

Fundamental theorem of algebra
Each polynomial equation of degree n € N

2" 4 ap_12"" 4+ .. +arz+ay=0

with ag,...,a, € C has at least one solution z € C.
= Say this is 21, then:
(z—2)- (bn,lz”_l +...+ bo) =0

= each polynomial has exactly n solutions where so-called ”multiple zeros”, i.e. function (z — zo)k count k-times.

n=1
n=2
n=3
n=4
n >4

a1z+ag=0

a2 +a1z+ap=0

asz® + a9z +a1z+ag =0
a2t + ... +ay=0

= z=-%

ay
= quadratic equation
= solution via Cardano formula
= solution via formula possible
=

no formula exist for a general treatment!



