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2.2 Addition and Multiplication of complex numbers

Definition 4

@Zl —+ z92 = (a1 + ag) —+ (bl —+ bQ)Z
Z1 = aq + bll @Zl — 22 = 21 + (—ZQ) = (a1 — CLQ) + (b1 — bz)Z
z9 = a9 + bat ®21 - 22 = (a1 + bll) as + bQZ) = ajas + brasi + a1bot + b1b2i2

= (a1a2 — blbg) + (a1b2 + blag)i

e.g.:
(3+2))(1—i)=3—-3i+2+2=5—1

0+0i
N .
(a+bi)+ 0 = a+bi (2.9)
(a+bi)- 1 = a+bi (2.10)
140i
division: meaning of l%ﬂ =?
N r 1—1 1= 1 1. K
1+i (I+9)1-i 2 2 2%
In general:
1 a—bi a —b

a+bi a2+ _a2—&-b2+a2+b22

B . 1 1 a -b .
z=a+bi—z-z2 =12 _a2+b2+a2+b22

Definition 5 zZ = a — bi is the conjugate complex number to z = a + bi, other notation z = z*

Summary: ,
z = a+00
Re(z) = a Re(z) = 1(2 + 2)
Im(z) = b =
Re(z) = a Im(z) = (2 — 2)
Im(z) = -b

Rules: ?:z,zl+22:z_1+z_2,21~22:z_1~z_2
”Normal” rules:

e commutative law for addition and multiplication

z214+29 = 2942, (2.11)
212 = 2271 (2.12)
e associative law §O
21+ (2’2 + Zg,) = (21 + ZQ) + 23 (213)
z1 (2'22'3) = (2122)23 214)
e distributive law z1 (22 + 23) = 2122 + 2123
e necutral element
e 0
o 1

e unique solutions z1 =v+20 = (v=21 — 22)
e unique solutions z; = wzy = (w=21/22)

e no ordering
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order properties: 2<3, 0<1 o.k.
but i z 07

i>0—ii > 0-i=0——-1>0 2 (2.15)

i<0—=i-i® < 0-¥=0-1<0 (2.16)

= nonsense, complex numbers do not have order at all! (later we will discuss the modulus of z)
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= complex numbers are 2D vectors with certain properties
Alm z
z=a+bi
b e
N
¢ | >
I »
a Re z
Modulus r = |z| and phase ¢ z = (re),
r o= Va2+b? r=|z| =2z,
b . :
¢ = arctan | — | — ¢ in radians!!
a
z1 S 7 makes no sense, but |z| $ |zo] is fine!
e.g: z1 =2+1i= (V5 arctan(3)) or zo =1+1i = (v2,%)
Geometrical interpretation of 4+ and - with complex numbers:
Alm z
21 = (r1,¢1) z2 = (r2,p2)
= a1 +bi1 = a9+ bai
z1 + 20 = 7Adding 2D vectors”
a1 + ao
b1 + by
21029 = (rir2, 01+ @2)
z, (I»X% .
> = Rotation and stretching of z; by 2o
= see later
Z
> eps (140430 = (V54T = (L)) =i
Rez




