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4.7 Minimization problems

Remember 1D: f(z) extreme value at zg

f(z) > f(xo) for all z close to xg — zo-minimum
(similarly. f(z) < f(z¢) — maximum)

(+ using f”(z), i.e. -curvature information)

f(x)

if f"(z0) <0 maximum
if f"(xo) >0 minimum
if f”(x0) =0 no decision, X,

(saddle point?)

zo-extremum = f'(x¢) = OA

>
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Example: f: RY = R
N=2 fla,y) =2 +y> -2 -4y +5
if (zo,yo) with f(zo,y0) < f(z,y) for all (z,y) exist then (x,y) is a minimum:

flay)=@* 20+ 1)+ @ —dy+4) = (- 1)° + (y— 2)°

flz,y) >0 — 2o =1A yo =2is a minimum

Derivatives:
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oy 2y —4 oy 0= 50 =2

— general feature 7 YES!!

Definition 41 local minimum %y of f : RY — R means that f(%) > f(Zo) for all T € RN “close to” Ty.

local mazimum Ty of f : RN — R means that f(Z) < f(Zo) for all # € RN “close to” y. Calculation of a (local)
minimum or mazimum in N -dimensions:

If 2y is a minimum or mazximum then

S 2= B ie of (%o)

8:ck

=0foralk=1,...,N

Note: this is a necessary condition and not always sufficient!! (same as in 1D)
Examples:

(i) Minimum

flz,y) =2* +9* — g—i = 2z, %J; =2y — (0,0) is a minimum since f(z,y) > 0 for all (z,y)
(ii) Maximum
TS S T S
flzy) = —a* —y* — Ere 2z, By 2z — (0,0) is a maximum since f(z,y) < 0 for all (z,y)
€T Y
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(iii) Saddle point

af
= 2— 2 _— = _— = —
flzyy) =2 —y* — o 2z, 3 2y

But:

= = 2 _ 2 f
f(x,g c) - :c2_ 02—>cio or T — 00 10 extreme
flea=cy) = ¢ —y*— -0 fory— oo

—7saddle point” at (0,0) = second derivative?

? f is the total derivative of f: RY — R
Vf is a function RN — RY since the gradient is a vector, thus

of
8221

Vf= :
of

OIN

— second (total) derivative is the (total) derivative of the gradient, i.e. it is an N x N Matrix H!

af .. 9%
82:% oxr10x N
H(f) = : . :
o f o2f
61‘]\]61‘1 3$N

[T/ =\ ¢ . . 82 . 8?
H(Z) is symmetrical since —Lax,- Dor = DurdT;
H

(Z) is called the second derivative f and has the name ”Hesse matrix”



