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3.12 Fourier series in complex description

cosx =
1

2

(
eix + e−ix

)
sinx =

1

2i

(
eix − e−ix

)
Thus: f(x) =

a0
2

+

∞∑
k=1

(ak cos(kx) + bk sin(kx)) =

∞∑
k=−∞

cke
ikx

please beware of the negative indices

with: c0 =
a0
2

and ck =
1

2
(ak − ibk) ; c−k =

1

2
(ak + ibk)

and ck =
1

2π

2π∫
0

f(x)eikxdx

=
1

π

2π∫
0

f(x) cos(kx)dx∓ 1

π
i

2π∫
0

f(x) sin(kx)dx


for k = 0,±1,±2,±3, . . .

ck are the complex Fourier coefficients of f(x) ⇒ more compact treatment possible. As example:

f(x) =

{
x
π for 0 ≤ x < π

2π−x
π for π ≤ x < 2π

periodic continuation

f(x)

x
p 2p0

1

-p

ck =
1

2π

2π∫
0

f(x)e−ikxdx =
1

2π

 π∫
0

x

π
e−ikxdx+

2π∫
π

2π − x

π
e−ikxdx


Note:

∫
xe−ikxdx =

1

k2
e−ikx (ikx+ 1) + C =

1

2
x2 + C

→ c0 =
1

2π2

(
1

2
π2 − 1

2
02 + 2ππ −

(
1

2
(2π)2 − 1

2
π2

))
=

1

2π2
π2 =

1

2

ck =
1

2π2

 1

k2
e−ikπ (ikπ + 1)− 1

k2
− 1

k2
e

1︷ ︸︸ ︷
−i2πk(ik2π + 1) +

1

k2
e−ikπ (ikπ + 1)

+
2π

−ik
(
e−ik2π − e−ikπ

)]
=

1

2π2k

[
e−ikπ (iπ + iπ − 2πi) +

1

k
e−ikπ (1 + 1)− 2

k
+ (−2πi+ 2πi)

]
=

2

2π2k2
(
(−1)k − 1

)
=

{
0 if k even
2

π2k2 if k odd

→ f(x) =
1

2
− 2

π2

∞∑
k=−∞

1

(2k + 1)2
ei(2k+1)x =

1

2
− 4

π2

(
cosx+

1

32
cos 3x+

1

52
cos 5x+ . . .

)

x = 0 → f(0) = 0 =
1

2
− 4

π2

(
1 +

1

32
+

1

52
+ . . .

)
Thus:

∞∑
k=0

1

(2k + 1)2
=

π2

8

⇒ Fourier series be used to calculate series in the above manner!

Example is
∞∑
k=1

1

k6
=

π6

945
(Euler 18th century)
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Major application of Fourier series: Arbitrary periodic function→ sin, cos!
In general:

f(x) =

∞∑
n=−∞

cke
i 2π

L nx for period L cn =
1

L

L∫
0

f(x)e−i 2π
L nxdx


