54 Calculus I: Functions of one Variable

3.2 Calculation rules for derivatives

Derivatives: Using binomial coefficients (see exercise 1) we can write for n € N

f@)=2"  flz+h)=(x+h)"= ( o )x"+<?>hx"—1+<g>h2x"—2+...

leading to

ie.
fx)=2" = na"'=f(z) neN

This already allows to calculate the derivatives of all functions which are defined by Taylor series.
Plus:
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Plus:
product rule:  [f(z)g(x)] = f'(x)g(z)+ f(x)g (x)
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quotient rule: [g(x } =

N~

chain rule: [f (9())] = ¢'(2)f (g(x))

To calculate the derivatives of inverse functions f~! which are defined by

z = f(f(2))

we can apply the chain rule:

d o, ooy df .y df !
L= f(f7 @) = (f71(@)  ——(@).

For the natural logarithm which is the inverse of the exponential function, i.e.

T = eln(w)
we find p din(e) d1n(s)
e” n(zx n(x
1=—1( =
= () » o (@) = 2,
ie.
dn(z) 1
dr
This now allows to calculate the derivative of f(z) = 2" with r € R
de”  der™®)  de® d (rIn(zx)) r
=—=—(rl Bl S S A i
dz dx dz (rin(z)) » dx T
in summary:
flz) = a" = fl(z) = ra"' reRr
f@) = & o fl) = e
fl) = Ilz| - fl(z) = L ! = all elementary functions!
f(z) = sinz — f'(z) = cosz
f(z) = cosz — f'(z) = —sinzx
Examples:
(i)
f(z) =sin(z-Inz) = f(z) = (zlnz) cos(xlnx)

1
= (Ilnz+2z—)cos(zlnz) = (Inz + 1) cos(x Inx)
x
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fla) =l = (e7)el) = el = f(a)

f(z)

x® = f(x) = ? no rule applicable
= et = f(z) = (lnz+1)2"

= Discussion of the functions we will have in the exercises!!



