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2.12 Systems of Linear Equations

Example:
I —+ 4%2 + xIs = ]. (Z)
5c1 + 4dxs — a3 = 2 (i) 29,23 ="
21 + x2 + x3 = 0 (Z’LZ)
(i) + (i1) = 621 +8x2=3 | 5
(44) + (#41) = Tx1+5x2=2 | -8
—261‘1 =-1
— xr1 = %
— To = @
— T3 = —%
now in matrix notation:
1 4 1 1 1
5 4 -1 o | =1 2
2 1 1 T3 0
solution: .
1 1 4 1 - 1
T | = 5 4 -1 2
T3 2 1 1 0
Problem, inverse of coefficient matrix A
det(A) = —26
~ L5 T =3\ [ 5 -3 -8
A = o B =-5 | 7 L ¢
-8 6 —16 -3 7 -16
1
26
1 1 5 -3 -8 1 1 -1
= | a2 = 5| T -1 +6 2 | ==55| 9 | = =
T3 -3 47 -16 0 11
—11
26
In general: system of M linear equations with N variables x1,...,zN.
an1r1  +  apry  + + anzn = b
a2171  +  agzry + + axnzN = b
+ + + = =
ayiri + appzre  + + apmynTN = by
Matrix-Notation: Az =1b
1 by
A(ajs) Mx N, &=| : | Nx1, b= M x1
TN by

different cases:

i = N and det(A then: solution given by & = A=1p (see above
i) M = N and det(A4) # 0 th 1 b A~ b

(il) M = N and det(A) =0

— in general no solution if E £0
— & = 0 trivial solution if b = 0 (homogeneous system) and further for any non-trivial solution Z the vector

af is another solution. If #1), ...,
., k. is another solution.

arbitrary kq, ..

Z*) are k linear independent solutions than 7 = k7 + ... + k,Z*) with
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(ili) M > N: more equations than variables— in general no solution
solutions only if equations are trivially dependent on each other

x1+x0=0
1+ 219 =1 = M =3, N =2 but effectively M = N = 2
21+ 2x9 =0

(iv) M < N: more variables than system of equations ”over-determined "= in general N — M variables free or

parameters
Example:
Ty + 3x9 + 3x3 + 41y = 1 (’L)
M=2 N=4
72£E1 + 3$2 — 4303 +x4 = 2 (ZZ)
(i) = (ii)) = Ba1+Tez3—3z4=-1 = a1=—ltas+as—3
2(0) + (i) = O9ro+223+924=4 = wp=-Zzz3—a4+3
xr3, T4 are free parameters.
Important Case: M = N
Cramer-Rule:
ay1r1+...+taney = by
an1Z1+...+anyzny = by
If det(A) # 0 then the solution is given by
det(A;) det(Ay) det(Ay)
Tr1 = =, To = =y LN = —/———=—
det(A) det(A) det(A)
where
a1 aio b1 cee 1N
_ as  Goo by coe agN .
Aj = . . . . thus not very efficient for larger systems!!
anNi an2 by ©++  GNN
/l\
b1 ajj
i.e. in the j-th column the vector : is placed instead of
by an;j
Example as before:
X1 —|— 41‘2 + T3 =
S5r1 +4x0 —x3 =
200 +ax9+x23 = 0
R } 1 4 1
det(A) = —26 £ 0 det(A;) = 4 —-1|=-1
0 1 1
~ 11 1 } 1 4 1
det(A3)=|5 2 -1 |=-9 det(A2)=|5 4 2 |=11
2 0 1 2 10
N ! 9 1
1796 T T a6

There are efficient algorithms for large systems with numerically and analytically (Gau3 Algorithm etc.) They all
rely on the transformations of the matrix A with respect to b.



