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2.7 Matrices

Definition 19

Ã =


a11 a12 · · · a1N
a21 a22 · · · a2N
...

. . .
...

aM1 aM2 · · · aMN

 = (ajk) j = 1, . . . ,M
k = 1, . . . , N

with ajk ∈ R or C

Ã is called a M ×N matrix, M rows or lines, N columns. i.e. vectors are matrices!

The fact that a matrix according to the definition 13 acts as a linear transformation between vectors will be needed
later.

Definition 20

� Sum ⊕ of two M ×N matrices Ã and B̃
Ã+ B̃ = C̃ : ajk + bjk = cjk
zero element: Ã = 0⇒ ajk = 0

Ã =


0 0 · · · 0
0 0 · · · 0
...

. . .
...

0 0 · · · 0

 = 0̃, of course: Ã+ B̃ = B̃ + Ã

� Scalar multiplication ⊗: α ∈ R or C

αÃ =


αa11 αa12 · · · αa1N
αa21 αa22 · · · αa2N
...

. . .
...

αaM1 αaM2 · · · αaMN

 = (αajk)

Trivial: Ã = B̃ means: ajk = bjk for all j = 1, . . . ,Mand k = 1, . . . , N .
If ajk are complex numbers ajk = xjk + iyjk then simply

Ã = X̃ + iỸ where X̃ = (xjk) , Ỹ = (yjk)

Ã = X̃ − iỸ complex conjugated matrix with respect to Ã

M ·N base matrices

 1 0 0 · · ·
0 0 0 · · ·

· · ·
. . .

 ,

 0 1 0 · · ·
0 · · ·
· · · · · ·

, etc.

(not important here, but:) ⇒ Matrices form an M ·N dimensional vector space.

Definition 21 transposed matrix

Ã =

M×N matrix︷ ︸︸ ︷
(ajk) j=1,. . .,M

k=1,. . .,N

⇒ Ã⊤ =

N×M matrix︷ ︸︸ ︷
(akj) k=1,. . .,N

j=1,. . .,M

adjoined matrix:

ajk ∈ C Ã = (ajk)⇒ Ã+ =
(
Ã
)⊤

= (ākj) =
(
Ã⊤
)

the¯”bar” stands for the complex conjugated:

z = a+ ib = reiφ, z̄ = a− ib = re−iφ

Examples:

Ã =

 1 2 i
3 1 + i 0
0 0 2

 ⇒ Ã⊤ =

 1 3 0
2 1 + i 0
i 0 2

 Ã+ =

 1 3 0
2 1− i 0
−i 0 2
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Ã =

(
1 2 3
4 5 6

)
⇒ Ã⊤ =

 1 4
2 5
3 6

 ,
(
Ã+ B̃

)⊤
= Ã⊤ + B̃⊤,

(
Ã⊤
)⊤

= Ã

most important: quadratic matrices, i.e. M = N

Ã = (ajk)j, k = 1, . . . , N =

 a11 · · · a1N
...

. . .
...

aN1 · · · aNN


︸ ︷︷ ︸
main diagonal elements
ajk with j = k

Definition 22 trace of a quadratic matrix: tr
(
Ã
)
=
∑N

j=1 ajj = a11 + a22 + . . .+ aNN

trivial: tr
(
Ã
)
= tr

(
Ã⊤
)


