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Stul'ting from thc a,nalytieal approximation of tho black-whito contl'ast figlll'es of slJlall cli~.

loeation loop. a simplc I1nulytieal expre... ion i derived for the angle (PI b iween the blaek-\\'Ilit
veetol' , and the diffrl1etion veetor 9 for dYlllllllical t\\'o-beull1 eouditions. It is shown that qJl

depend;; essentially only on thc direction of n yectm' m (~ "menn Of'ienta,tion vector") wIlieh
bi.·cets the aeute angle betwccn the Burgel' vector band the plane not'ml1l " of the disloeation
loop. The inflnenee of the hear an"l e (- acute angle bctwcen b nnd /I) on qJl is in "eneml
negli"ible.

_-\n gehend yon der analyti 'chen XäherLlI1g.lö. nllg der 'chw/lrz-n'ciß-Kolltrll te kleiner Ver
.' tZ1.lIlg'ringe wird ein analyti eher A.usdruck abgeleitet fiir d n "'inkcl tT, zwischen dem. ehwarl.
'Weiß-' ektor , und dem ß ugung -\'ektor 9 im d~rnarnisehenZweLtrahlflll1. Es wird gezeigt. daß
'flim we lltJjchell dllI'('h die RichtlUl" eines Yektor m (= ..mittlerer rientierun" -'\ektor' )
b . timmt wird, wob i m den llitzen \Iinkel z\\'i. chen :l3nr"01"-\~ektor blind EbellennormaJ n
d" \'er etzlUlgsrin es tcilt. Der Einfluß de chcrwinkel e (spitzer Winkel zwischen b uud 11)
auf !PI ist im allgelllCiul'1l zu Yernachlässige]).

1. Intl'o<lllctioll

Di.location Joo]1. whi "h are too small to h reRolved a, Joops on tran mi. SlOI1 ele'
tron lUicroscopc image. ('an be analyscd in terms of thelr ery. lallograr hie parameters
(ßurgers vcetor b 11on11al veetor 11 of the .!oop plane) by meau. of the blaek-white
(B\\') ('ontrast l11etho I 11 to ü]: In tho fir t ])apers eoneernin r thi. snbject -[7, ,'] it
\Hl, • assulllco that th direetion of thc so-ealled B'" veetor l (pointinO' frolll the centr
of the main dark Jobe to thc rentre of thc lIlain hright lobe of a B\Y contrast figul'e) is
parallel to the dir etion of b pr wher' b pr i t he pwje ·tion of lhe .Bnrgers ,eetor b of
th loop onto the imagc plane, i.c. thc plane of the lUicrograph. J~at r it was recogoized
by an in pertion of computer-caleulated two-dillJellsional B\Y contra t figll1'c of pm'
cl 100p in ela Li ,tdly isotropie crystal. that tlli a .. L1llJption i' not eorre t r51: If
f(1 aDd f(b aJ the aC'ute angle, in thc illla c plane between th cliffraetioll ye tor 9
ano land betwe n 9 and b pr, re, pectively it turlled out that in the ca e eon. ider d
in [5] thc ratio ertlf(1) wa. in general only O.ß to 0.7 in. tead of llnity. :Furthcr, eoo
,idering the BU' contra .. t of 100)) wüh. h ar componeot. (b indined to th loop
plane) Hühl and \\'ilken [9] eould not find any . impl relation b tween (rl and (rb.

In the llJeautimc tl.J analytical fiJ"t-orcl'r perturbation solution wa. derh'CO [4.1,
describing the B\\' contra.st of ..mall di ..lo 'at ion loops. Thi. fir t-order pertnrbation
,ollltioD is in partielllal' 'llitable for a fa t calculation of the eon. tant-intensity eontollr
diagrams in the 'Ollte r regions' of a 13\V t:ontrast figure. 2)

1) Present addresR: Department of l\latcl'inl. '('ienee and Enginccring Cornell Univer.. ity,
Itho.ea. X.Y" 'G, 'A.

~) A BW C'ontl'll 't figure may be slIbdivided into tlle "inller region" (diameter of the on!el' of
tbe Joop diametcr) and the 'onte)' region . The Vl'e. ent papel' is eone 'rnecI with the contra t in
th outer region, •'pecial featme of tlle B\\' eontl'ast in the inner region ",hieh are useflll for th
det l'mination of bare (Useu. 'ed by Eyre et al. [5, 6J and Katerbau [1OJ.
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Thc analytical olution has proved to be very n efnl for a d tailed analy i of the
direction of band 11 of the dislocation loop re ponsible for thc B' contra t. Thi. i
done by compari on of the characteri ti . of the hape of xperimentalJ ob el'ved
and theoretically predicted contra t figur withont making lJ. of the con ept of B'
vector l, cf., e.g. [11, 12]. On the other hand, the an le ({I a introdu ed abovc can
b measnred fairly ca ily on experimcntally obtained B' ontra. t figure, . ThcL'cfore,
it appears worthwhUe to investigate th oretically thc dependence of the angl ({I a.
a function of th direction of n. and b. Thi is the ubjec of the present paper.

2. Cbaracterization of LOOIl Ori 'ntatiolls: The ~rcal\ OriclltatioJl Vector m,

We use a Cartesian oordinate systcm with the origin in th uppcr pecirnen. udace
through willch th electrolls penetrate iuto tho spccimen (z-axi. parallel to thc electrOIl
beam, x-axis parallel to the diffraction vector g). Within thc image plane (x-y plane)
we al 0 use polar coordinates e and rp,

y
tan rp = -:- ' (2.1)

wi h e= 0 at th image position of the Joop ccntre.
In addition to the normal n of the loop plane and the BUf r" \' etor b of h loop

we introduc a. llle&n orientation v etor In whieh bi ct the aeute angl b tw n
n and b,

n ß
IH ~ I" :r:ßI (2.2)

with ß = b/lbl· Tbe upper (1ower) ign hold for Joop_ of ncanc ty!Je charaetcriz d
by n· b > 0 (inter titia,J type; n· b < 0), cf. (-!].

'Ye denote the unit vectors n, ß, and 'Ul eithcr by their dir ctiOll eosine, i.c., we
write them in tho form

(2.3)

where v stands for n, ß or 111, respectiv ly, or hy the a 'ute angle between g and the
projection of v onto the image plane, Cf,., a,lld the angle b tween v alld the image
plane, IX 'v' The following relation th n hold. :

l:JI
tan ({v = 

f;>;
. in. v = v•. (2.4)

A non-edge loop ("Ioop \\'ith ~hear C IlIIJonent' ) i deo crib d by the' hear an I
e be ween n and ß u·h that

o E = 111 . ßl . (2.5)

In the following w con ider for non-cdge loops two extreme 'asos concernin th
Illutual orientation of 11 and ß, f. Fig. 1:

-;:

Big. 1. 'tereob'raphio pl'ojeotions of
the unit v ('tors tI. and ßfor non-cdge
loopl'<. a) a e .-\. eqllation (2.6)' b}

ense B, equation (2.7)
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Case A ßz = ±nz

with + (-) for loops of vaeaney (interstitial) type.

Case B f{p = ep..

= ep.. + n

vaeaney type, }

interstitial type.

(2.6)

(2.7)

(3.2)

(:3.3)

3. COIl tUllt-Illtellsity Contour DiuO'rams

The analytical representation of the eonstant-intensity eontollr diagrams of BW
contrast figures of small disloeation Joops in eJastieally isotropie crystals [4] may be
written in the form

C
Q = !11 F(ep) ,

where AI is the relative deviation from the background intensity. The term 0, whieh
will not be eonsidered here in detail, oseillates in sign anel mftgnitude with the dcpth
position Zo of the loop eentre in the foil, i.e. °eleseribes the struetllre of the so-ealled
layers of depth oseillations [1, 4, 8]. In the following we as ume that the Joop eentre
are locatcd well within thes lay r~, i.e. sufficiently apart from their borders. If this
is not the case the structl11'e of t he B'Y contrast figure i. 1110re eomplieated (Rühle
[13], d. also [4,0]). Thc angular funetion F(q:) is giyen by

F(f{) = F(l)(f() + qF(2)(q:) ,

with
(1) (2) (1) (2) •((" = (I" + qa ll , b" = b" + qb" . (3.4)

The eoeffieients (I~[), b~[) (i = 1, 2) are functions of Poisson's ratio v and depend bi
linearlyon the direction eosines of n and ß, cL [4]. The term q i. of the order of unity
allel depends weakly on (!. "'e neglect this (!-elependence anel set

q = 1 (3.5)

throughollt this paper. 3 ) rnder trus condition the coeffieients ((,,, b" take the form a,s
given in thc Appendix.

Fig. 2. Constallt·inten ity coutom diagrams
(as ealeulated by means of (3.1) with IC/.lII =

= 1 and1' = ~ ) for llon-edge Joops IULving the
same maan orientation vectar 1)1 but different
shear angles e. The dark am] the bright lobes
are shown in one ease only. In the other eases
the dark lobes (which are always centro-sym
metrie to the bright lobes) are omitted. for sim
plicity. A and B refer to (2.6) and (2.7), 1'espec
tively. Thc BW vecto1' l drawn through the
lobes are ealcnlated by means of (4.2). a) (pm =

= 60°, 'm = 30°; b) <pm = 75°, m = 0°

~ijj;;'~'

B A i?J ß:
3) In [4] the function .F'(<p) was approximated by P(<p) ~ 1.5P(l)(<p) becall. e P(2)(<p) ~ 0.5F(l)(rp}

holds in many ca es. Föll [14] has shown that this approximation may give rise 1.0 ineonsistent
res11lts. This is true in partieulnr if the cl'iterion a\2>/aill ~ -0.5 fol' the visibility of a BW eOlltrast
figure as proposed in [4] is applied to cases where v is small and 11 and bare e10se to the y-axis.
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"TC have applied (3.1) to a number of non-edge loops having thc sa,me mean orienta
tion vectof'Ul. Fi$!. 2 contains some representativc cxamplcs referring to ," = -}-. It i8
found t.lmt thc dil'cctions a.nd strcngths oI the maill lobes (black 01' white) are hardly
affeeted by • '*' O.

In the case A (cqualion (2.6)) thera is same minor infillence of e on tbc strength of
the slIbsidinl'Y lobes which becomcs lloticeable, howcver, only for E; ~ ::JO° (for thc
c1a~8ifjcntion into "main" and "subsidiary" lobes sec [3, 4-]) . .Ln thc case B (equation
(~.7)) this inlluenee is negligible.

In this cOllte:-..-t it i8 worthwhile to mClltion that, in gCllcl'al, tha strength of the suh
si(1iar~r lohes illcrease with decreasing I'. Thcrcfore, a cOluparison of experimental B'Y
C!ontrast figures with calculated coustallt-intcllsity eontonr diagrams should be done
wüh an appl'opriatc ehoice of 11 inserted into the eoeffieients of (3.4).

4. Dircrtioll or the ßW Ycetor /,

r:quation (:t 1) indicates that the strength of the term F(rr) is a measure of the
strength of thc contrast a]ong the direction giycn by thc angle q:. This suggests the
folJowing representation of the acute angle cp, betwecll 9 aod I.:

2:r

o f A"" F'(q:) eos' ('I' - 'P) dq; = 0
0'1'

o

(4.1)

ror rp = lf, or «', + :t.

This definition means we rota.te a test fl.lnction 00S2 (q; - fP) (the square of the silll
plcst l3\r contrfl,Rt figure) ovcr thc fuuction j<'2(f{l) and take the angle (p where maximal
coveragc of t.llC two flll1ctions is obtaine(l ~tS er,. Thcl'efore, in (4.1) the angle (f' is
csscntially detel'llIined by the angular posit,ions of the centrcs of gravity of the 1I1ain
lobes. Sllhsirlil1l'Y lobes, jf they oeC'ul', han' onl~' Illinol' influellce on the detcl"minntive
of (ft. This COI'l'csponds best to the experiment,,1 pl'occrlul'c b,'; ,,-hieh ((I is mcaslIl'cd.

\Vith (~.:J) inscrted into (4.1) wc obtnin ttftcr sOllle nlgebmic operations

.) ;) (/1 (b1 + ba) - (labt
tan -rr, = ... - "!.- - :! ---:) - - .) - (4.2)

a 1 - bIT -(/.((a T _b1ba

Th€' veCLors 1 inscrted in the eonstant-intensity l'ontotlL· diagrallts in Fig. ~ wcre
calclIlatcd by IlleanS of this equatioll. Obviollsly, I coincidcs weil with the blll('k~\\'hitc

vector olle would dctermine experimelltally_
In Fig. 3 lI"e 1"""0 plotted the ratio

R =!P,
C[m

(U)

ns n. funct,ion of ({'" for pure edge Joops \\"iih ~'m ami 1/ as pammeters. Thc Olll'VeS

1(. = /(((111) are tel'lllinated near (f", ;:::::: 75°. Al'otlnd and bc.'"ond tltis ,alue the B\"

~f:~L_n§;J
0" lOe -'f)" 600 80'"

1'm-

}~ig. 3. The ratio R = rpr!f(J1II for plU"e eclge loops
ilS il fllllctioll of 'P"'. (a) IX", 0<;1, I' = 1/4; (b)
0.", = UO, I' = 1/3; (c) 0:", = 0°. I' = 2{5: (cl)

(\", - ·J5°. I' - 1/4; (e) R = "2{3, d. (5.3)
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contl'8st figures becowe SO "strollgly distorted" (cf. [3,4]) timt a ß\V yector I can uo
langer be defined.

From tbc reslIlts the following conclusiol1s enn he drawn:
(i) 'rhe ratio B takes its maximuw vaille for qilll = 0 and decrc8ses with incrcasing

(PIIp For a givcn valuc of (fm the ratio R incrcascs with decreasing)1 alld with increasing
t\m' However, fol' tbc range of the valncs of l'lII anel l' considercd, R approaches ta
about the same 'Taluc R = 0.ß7 ± 0.01 for q:,.. approachillg 70°.

(ii) Comparing pure cdge loops and non·edge loops of thc sa·me dircction of in it
js found that ({I va ries by less than "I ° in thc interval F ~ 45°. This holds for the t,wo
extreme cases of non-edge loops as indicaled by (2.G) and (2.7) (cf. also Fig. 1) und
ulso for inteJ'lllcdiate enses. Thus the CIII"·C5 in :Fig. ~ ealcllln.tcd originally for pure
celge loop::> are appli('uble also for non-cdge loops.

;). Di:"(;lI~sioll

In the genera.l oase the odentation of a. dislocation loop with respect to t,he diffrac
Lion vectorg a.nd thc dü'ection oI the elcC'troll bcalll is charactcLized by foul' param
eters, e"g., by the anglcs (P", "')I) ({ih Gnel _'li' Therefore, a reprcsentative in,·cstigation
of the value of q, as a IUJletioll of these foul' parameters anel of Poisson's ratio I1 is
fairly tcd.iou~ if solely cOlllputer-calculated two-dimensional C'ontrast figures are lIscd.
Howcver, the problem is easü~· soh-ed by (-!.:?) deri,'ed in thc prescnt paper.

One striking result oi our calculations is timt thc sha.pe of the anter region oI a lHr
contrast figure and, hence, the angle Cf' is to a. gooel degree dctel'lllincd onl.'- by the
para.meters ({'m and '\m whieh characterize the llle8n orientation '·eetor 111. This
faeilitates the calculutions furt hel'.

In order to understalld the result reportcd in tbc preccding paragmph wc reier to
thc fact timt in the first-order pertul'hMion solution [4], whieh is a.ppliecl in the prescnt
paper, the dispiacelllcnt field of a Sil lid I disloeation loop is rcprcsented b~' thaL of
elastic double fOL'ccs located at. the 100p (:elltre. Tlüs approxinmtion, whieh has pl'oved
to be very gooel for thc outer region of a lHr {'Ollt"f\.st figure, has the conseqllcncc thnt
thc displacclllent field anel, hencc, thc cont J't\st figHte rClllains llllChllllgC(l if tha r1il'c(,
tions of '" und bare interchnngeel (HII_b SYllIlllctl'y").-I)

Sinec the constant·intensity üontolll' diagraLlls (eleD) arc nnnl.',tie functions of
thc dil'cction (:osincs of g and ß ami, hen('(', of E, it follow8 frolll the lI~b synllllctl'Y
that - cOlllpnl'i.llg 100)1s of thc sallle clircc·tiol1 of '" - the elCn are independent of
I; in linear approxilllation. This explains the wen).;; influe!lc'c of F on the shapes of the
eleD alld, jn l)articlllar. on the angle VI.

Another analytieal representation of fJ I was reeently pllhlishcd b.'- Uhr [LGJ" His
approach is bascd on the 5e:'l.ll1e first-order perturbation solution [...] as used in the
prescnt paper hut defines VI instead of (.... 1) hy

6b'(rr) = I) fOt· Cf = ,{,.
hr

Ohr's expression is so fa.r wOl'ked out onl.'" for 11 amI b within the illlage plane nnd
fol' a particular valtle of l' (presLllllabl~" I1 = .~). :Furthcr, it repl'csents VI by an Üllplicit
cquation onl)', in contrfLst to (4.:?) of thp prcBent paper. Für pl'l1ctical application the
solution of !:Hlch a.n in1J)licit cqllntion is in('ollycnienL }---'urthel', one um)" arglle tlw..t

,I) Hecent remarks pllblished in tllc litcratlll'C (H.olllH's et Oll. [151- Eyl'c ct 1.11. [6]) which stnte
that ttüs lf-b sy!umctry ia noL flilfille-d are not ('OlTcet und are ob\"iollsly based on amisundcl'·
sta,ndillg of the arguments giren in [41. Of C01I1'80. thp u b S~"lllllletry llHl.Y not be ralid fol' 1ho
"inner region" of thc cOlltmst figliTC whcrc tllC' displacement field of n loop witb finitf" diameLer
Ullist be llsed for thc cOlllrast calculations.
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~::~>J
J O 200 40° 50° 50°

tf'm-

}'ig. 4. The systema.tic variation ilqJl dcfined in
(5.2) as 11 fllnction of t:pm

for the experimental determination of f{l tohe directions oI the maximft of the main
lobes, on whieh thc definition of er, in (5.1) i8 bascd, are less significant than the contres
oI gravity of the main lobes which are relevant for our l'OpJ'cscntation, cf. Section 4.

Ohr's paper 18 mainly concerned with Cf' as a function (P" and cpß. A variation cf thc
parameters a m , G, and v was not consic1cred cxplicitly. 'Yith thc formula given in
Section 4 this is easily done and we proceed as folIows: 'Ye denotc by ±otpr tbc ex
1Jerimenlal uncertainty which i8 associated to rp, as measured on a micrograph. As fl,11

cstimate we set ör, = 2°. In Section 4 it was stated that within this estimate the
variation of Cfl as a fllnction of E can be neglected. \Vith respect to a sY8lematic vaL'ia-
tion of (r, as a fllnction of a/lt and "V we refer to the two extreme aases (c) and (d) in '
Fig.:3 ((0): '-'111 = 0°, "V = 0.4; (d): (\/11 = 45°, l' = 0.25). Csing these two eases we
define a maximullI systenJatic variation !1rp, by

/}.q:, = rp",(R(d) - 11(0») . (5.2)

In }'ig. 4 we have plotted D.(ft as a funation of rm' The resu1t i8 timt !1cp" :::=; 2öcp,
(:=:::: 4°) for cplII:::=; :30 0 and fPm;;C; H5°. However, for (fm around 45 0 the yalue of D.cp,
may be 8lightly larger than !j0. This means timt in this region of (fm the systematic
variation of Cf' may exceed the experimental uncertaint.'T,

In [16] a "rlile of thUlllb",
2

((I:=:::: arm, (5.3)

. was propo8ed whieh is representeel in Fig. :3 as oase (c) (dashed line). Obviously thi8
oase is elose to oase (c) of Fig. :3. Consequently (5.:3) represents in general a lower limit
of er, H,nel is a reasollable approximation if only a moderate aeeuraey in tho oaloulation
of q:, i8 attempted. H, howevel', the sY8tematie uneertainties should be kept a8 srnall
as possible, then the exp1ieit representation of (f' in (4.2) Illay be a signifieantly better
approach than (5.3).

In a preeeding paper (Föll and \fi1kens [17]) whieh was eOllcerned with the separate
determination of thc directions of n and b of small disloca.tion 100ps in heavy-ion
dalllaged hexagonal cobalt \\'e have shown that (4.2) gi"es rcasonable results whieh
are self-consistent when the same kind of loops were illlagcd by different two-beam
diffraction vectors fJ and different crystallographic directions of the ineident e1eot1'on
bealll.

G. Con<"lllsiolls

Stal't,ing frOIll an n.nalytical expression for the constant-intensity contoul' dia.grams
(eleD) of the black-,vhite contrast figure of slllall dislocation 100])8 the following
results were obtaincd:

(i) l!'or the plll'pose of the CICD ealculations a given non-edge Ioop (loop with shear
cOlllponent) cau be replaced in gooel approximation by a fictitious pure edge loop
with the Ioop norlllal n being equal to the lllean orientation 'Tector In of the respeeLive
non-euge loop.

(ii) A simple explieit fornlll!a i8 derived für the angle ep, betwccll the blaek-white
\'eetol' land the diffraetion \'cetor fJ whieh holds for dislocation 100ps without and
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with shear components. For thc latter oase it is i;hown that rp, ean be calculatcd in
vcry good approximation assuming a fictitiolls disloration loop of pure edge type as
indicated in (i).

'.Appendix

With cquo.tions (3.4) and (3.5) snd [4] wc obtain

", = (~3 _4.) nJJ. - (~ _ 4.) n'p. - (2 - .1.,) "Ji,.

3
"3 = 2 (nJJz - n'p.) •

b, = (~ - 4.) (IlJJ, -!. ".ßz).

r
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